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The theory of surface electromagnetic waves (SEMWs) propagating at optical frequencies along
the interface of an isotropic noble metal [e.g., gold (Au)] and a uniaxial crystal [e.g., Rutile (TiO2)]
is revisited with the Drude-Lorentz (DL) model for the complex dielectric material permittivity (p).
The latter accounts for the contributions of both the intraband transitions of the free electrons and
the multiple interband transitions of the bound electrons in metals. The propagation characteristics
of the wave vectors and wave frequency of SEMWs, the hybridization factors, i.e., the amplitude
ratios between the transverse-electric (TE) and transverse-magnetic (TM) modes in the isotropic
metal, and between the ordinary and extraordinary modes in the uniaxial substrate are studied
numerically. It is found that the results are significantly modified from those with the Drude model
for p, especially in the short-wavelength spectra (λ . 500 nm) and with a small deviation of
the orientation of the optical axis. The excitation of such SEMWs can have novel applications in
transportation of EM signals in a specified direction at optical frequencies (∼ PHz).
I. INTRODUCTION
The interaction between electromagnetic (EM) waves
and isotropic metals is ascertained by the collective move-
ments of free electrons (in the long-wavelength spectra
> 500 nm) as well as multiple interband transitions of
bound electrons (in the short-wavelength spectra . 500
nm) in metals. The optical and transport properties of
the latter are usually described by the complex permittiv-
ity function (p) of the wave frequency and wave vector.
The simple models for p are, e.g., the Drude model and
the Linhard model [1] which account for only the intra-
band transition of free electrons in metals. However, for a
practical metal, in addition to this intraband transition,
there are usually multiple interband transitions of the
bound electrons that are excited by the high-energy pho-
tons. So, in the short-wavelength spectra (λ < 500 nm),
the dielectric function can no longer be accurately de-
scribed by the Drude or Linhard models but can be well
described by the Drude-Lorentz (DL) model [2] which
holds all over the spectrum (i.e., from visible to near in-
frared wavelengths).
Surface plasmon polaritons (SPPs) are typical elec-
tromagnetic (EM) waves that propagate along a metal-
dielectric interface and whose amplitudes decay exponen-
tially away from the interface. Because of their tighter
spatial confinement and higher local field intensity, as
well as high sensitivity to the permittivity function, SPPs
have been used in various applications including sensing
[3, 4], imaging [5], nano-photon detectors [6], enhanced
second harmonic generation [7], surface enhanced Ra-
man scattering [8], and many more. Such SPPs prop-
agate not only at the interface of an isotropic metal and
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an isotropic dielectric [9], but also at the interface be-
tween an isotropic metal and an anisotropic dielectric
[10, 11]. Examples include the Dyakonov surface waves
(DSWs) [12, 13] and Dyakonov surface plasmons (DSPs)
[14] which have properties of both the Dyakonov sur-
face waves and the SPPs. The DSWs have some unique
characteristics, e.g., they are weakly localized and they
propagate at the interface of two media at least one of
which is anisotropic and the real parts of the permittivity
functions are of opposite sign. Also, they are hybridized
due to polarization of both the transverse electric (TE)
and the transverse magnetic (TM) fields, and they are
highly directional, i.e., they can exist only under certain
conditions and in specific regimes [15].
Extensive and potential applications of SPPs and
DSPs demand proper theoretical investigations together
with convenient and controllable tools and techniques for
coupling of EM waves and surface plasmons. Also, it has
become possible to control the permittivity function of
materials, and thereby enabling new approaches for the
excitation of SPPs and DSPs due to the availability of
non-conventional plasmonic materials such as transpar-
ent conductive materials and highly doped semiconduc-
tors [16, 17]. Efficient excitation of such surface waves
have become possible with specially designed structures,
e.g., metallic gratings [18–20], nanoslits [21] and uniaxial
crystals [10, 11].
The necessary conditions together with the parameter
regimes for the existence of DSPs and their dispersion
properties at the interface of a metal and a uniaxial crys-
tal has been studied by Li et al. [10] with the simple
Drude model for p (without any absorption or damping
constant). In an another work, Moradi et al. [11] studied
the similar theory of DSPs with the Drude model but in
a doped InSb plasma and a uniaxial rutile (TiO2) crystal
at THz frequencies [11]. However, the theory of DSPs
at optical frequencies, especially in the short-wavelength
spectra has not been advanced with the DL model to
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2account for the contribution of both the intraband and
higher-order interband transitions of electrons in metals.
In this work, our aim is to consider the DL model for
the complex material permittivity, which holds for a wide
range of wavelength spectra, and study the dispersion
properties of DSPs at the interface of an isotropic gold
metal and an anisotropic uniaxial crystal TiO2. We show
that the DL model is much more pronounced than the
Drude model in the regimes of short-wavelength spectra
(. 500 nm), and the dispersion properties of DSPs are
significantly modified.
II. THEORETICAL FORMULATION
We consider a planar interface (x = 0) of two media
consisting of a semi-infinite isotropic metal with permit-
tivity p occupying the space (x > 0) and a semi-infinite
anisotropic uniaxial optical crystal (x < 0) with the per-
mittivity tensor c and the optical axis OA of the crys-
tal lying in the interface plane, i.e., the yz-plane. The
principal diagonal elements of c are o, o and e which
represent the dielectric constants of the ordinary and ex-
traordinary modes in the crystal [10–12]. We also assume
that the propagation vector kp of DSPs is along the z-
axis, making an angle φ with OA. A schematic diagram
of the system configuration is shown in Fig. 1. The
traditional SPPs, which involve both the plasma motion
and EM waves, are known to be excited by the pure TM
mode. However, the DSPs, as in Fig. 1, may not be ex-
cited either by the pure TE or the pure TM wave fields,
but by both the fields. In contrast to two evanescent
fields of usual SPPs, the DSPs, which has a polarization
hybridized nature, can have four evanescent wave fields:
two TE and TM-like modes with an identical wave vec-
tor kp = (−ikp, 0, q) and two ordinary-light (OL) and
extraordinary-light (EL)-like modes with wave vectors
ko = (−iko, 0, q) and ke = (−ike, 0, q). Here, kp, ko
and ke are determined by the following dispersion laws
[10–12].
k2p = q
2 − p, (1)
k2o = q
2 − o, (2)
(q2 sin2 φ− k2e)/e + (q2 cos2 φ)/o = 1. (3)
The permittivity function of the metal can be described
by the Drude-Lorentz model as [2]
p(ω) = ∞ −
Ω2p
ω(ω + iγd)
+
m∑
j=1
fjω
2
p
ω2j − ω(ω + iωγj)
. (4)
The combination of the first and the second terms on
the right-hand side of Eq. (4) is referred to as the in-
traband part (i.e., the Drude model with free-electron
effects) and the third term as the interband part (i.e.,
FIG. 1. A schematic diagram of a planar interface (x = 0)
between an isotropic metal (x > 0) and an anisotropic uni-
axial crystal (x < 0) is shown. Here, OA is the optical axis
making an angle φ with the direction of propagation, i.e., the
z-axis.
the Lorentz model with the effects of bound electrons).
Also, ∞ stands for the relative permittivity of the metal
at high (infinite) frequency, ωp is the plasma oscillation
frequency of the bulk metal, Ωp =
√
f0ωp is the plasma
frequency associated with the intraband transitions with
oscillator strength f0 and γd is the damping constant.
Furthermore, m is the number of high-energy oscillators
with the resonant frequency ωj , weighting coefficient fj
and lifetime 1/γj for j = 1, 2, ...,m. The physical in-
terpretations of the real and imaginary parts of the di-
electric function are that while the real part determines
the degree of polarization when the material is subjected
to an electric field or magnetic field, the imaginary part
determines that of absorption inside the medium.
As stated before, the Drude model is the simplest de-
scription of the permittivity function of metals and semi-
conductors, and it holds for the intraband transition of
free or conduction electrons. To account the net con-
tribution of positive ion core, the parameter ∞ may be
introduced in the Drude model [1]. Though, the Drude
model has been used in many physical situations to fit
with experimental results (especially in the regimes of
longer infrared wavelengths, i.e., λ > 500 nm [22]), it has
some limitations, e.g., it diverges as ω → 0, it does not
include the wave vector and it may not be valid for a
short-wavelength spectra (. 500 nm) where the contri-
bution of interband transitions become important. How-
ever, in the present work, the very low-frequency limit,
i.e., ω → 0 is not relevant as ω . ωp. However, the di-
vergence issue, if any, may be resolved by replacing the
Drude model by the Linhard model [1].
In order that the DSPs exist at the interface of two
media, the real parts of the wave vector components kp,
3ko, ke and q must positive. As in Refs. [10–12], the
propagation angle is considered to be in the regime 0 ≤
φ ≤ pi/2. Applying the appropriate boundary conditions,
one can obtain the following dispersion relation for DSPs
[10–12].
(kp+ke)(kp+ko)(pko+oke) = (e−p)(p−o)ko. (5)
We note that the permittivity function in Eq. (4) is com-
plex with its real part may be positive or negative de-
pending on the values of ∞ and other parameters. How-
ever, we consider the case in which ω . ωp (where the
optical properties of a medium exhibit metal-like behav-
iors) and <p < 0, <o, <e > 0 as in Refs. [10–12]. The
conditions for the existence of DSPs in absence of any
collision and using the Drude model has been discussed
in detail in Ref. [10]. We, however, consider the colli-
sional and resonance effects, and analyze the dispersion
relation (5) numerically in the next section III.
III. RESULTS AND DISCUSSION
In this section, we study the dispersion properties of
Dyakonov surface plasmon oscillations that can propa-
gate at the interface of an isotropic gold metal (Au) and
a uniaxial crystal (TiO2) using the DL model for the per-
mittivity of metals. To this end, we numerically solve Eq.
(5) together with Eqs. (1) to (3), and consider the pa-
rameters that are relevant for gold metal [2] and uniaxial
rutile [23]. All the freuencies including the surface wave
frequency and the collisional frequency are normalized by
the plasma frequency ωp, whereas the wave vector com-
ponents are normalized by ωp/c, where c is the speed of
light in vacuum. Since p is complex due to the damp-
ing constant γd, the other permittivity constants o and
e, as well as the wave vector components kp, ko, ke
and q are also complex quantities. For the gold metal
at room temperature, we consider the plasma density as
n = 6× 1028 m−3 such that ωp = 13.8× 1015 s−1. Also,
we choose ∞ = 1.2, f0 = 0.760 and γd = 0.0058 and
the other parameter values as given in Table I and/or
in Ref. [2]. The parameters for TiO2 are considered as
[23] o = (2.89)
2 + i(0.02)2 and e = (3.3)
2 + i(0.03)2 at
the frequency ω = 0.36 (in terms of units, ω ∼ 5 × 1015
s−1 or λ ≡ 2pic/ω ≈ 400 nm). Due to limited source
of experimental data for the DL model, we consider the
effects of at most five interband transitions (m = 5) in
the gold metal.
Figure 2 displays the characteristics of the real parts of
the wave vector components kp, ko, ke and q against the
propagation angle φ corresponding to the Drude model
(solid lines) and the DL model (dashed, dotted and dash-
dotted lines) for the permittivity p. The effects of the
intraband transitions of free electrons (solid lines) and
the combined effects of both the intraband and multiple
interband transitions of electrons (dashed, dotted and
dash-dotted lines) are shown. In the short-wavelength
spectra (below 500 nm), we choose ω = 0.36 (λ ∼ 400
nm) at which the values of the real parts of p for the
Drude model and the DL model with m = 1, ..., 5 are neg-
ative. We find that the Drude model and the DL model
with one interband transition predict almost the same be-
haviors. However, significant changes occur when more
than three interband transitions are taken into account
(see the dotted and dash-dotted lines). In all the cases,
the wave number ke decays, but kp, ko and q increase with
increasing values of φ within the interval 0 ≤ φ ≤ pi/2.
It is interesting to note that while the magnitudes of the
wave number q increase with the effects of different mul-
tiple interband transitions [see subplot (d)], those of kp,
ko and ke may increase or decrease [see subplots (a) to
(c)] depending on the values of m = 3, 4 or 5. It means
that the DSPs are sensitive to the change of permittivity
either of the isotropic metal or of the anisotropic crys-
tal, and that because of the decreasing natures of ke in
the rutile substrate and increasing natures of kp or q in
the metal, the DSPs may be said to be moderately lo-
calized [15]. Note here that these qualitative features, as
shown in Fig. 2, remain almost the same in a wide range
of wavelength spectra 200 to 650 nm or the frequency
range 3.8 to 9.4× 1015 s−1.
One important characteristic of DSPs is the penetra-
tion depth or skin depth, i.e., k−1p in the metallic gold
and k−1e in the rutile substrate. Since the penetration
depth determines the coupling strength between the sur-
face plasmons and other elements of photonic materials,
its enhancement is most desirable. From the subplots (a)
and (b) of Fig. 3, it is clear that the penetration depths
in the metal and uniaxial crystal increase with increasing
values of φ except those at m = 5 in which they decrease
with increasing values of φ. Such an enhancement of the
penetration depth for m = 1 to 4 reaches maximum for
perpendicular orientation (φ = pi/2) and minimum for
parallel orientation (φ = 0) of the optical axis OA. So, it
follows that the perpendicular orientation is more prefer-
able for transmission of signals in the optical wavelength.
Furthermore, the penetration depth is higher at m = 3
and m = 5 interband transitions compared to that at
m = 4 and no interband transition. The enhancement
is significant at m = 5 (see the dash-dotted lines, sacled
as k−1p /2 and k
−1
e /4) though at this transtition the pen-
etration depth decreases with φ which may favor better
confinement of DSPs to the interface [15]. Thus, in con-
trast to four interband transitions, when five or higher
interband transitions come into play in metals the paral-
lel orientation is more desirable than the perpendicular
orientation for transmission of signals.
The dispersion curves, i.e., the plots of the wave fre-
quency (real part) against the wave number q of DSPs
are shown in Fig. 4 in two different cases: (a) the ef-
fect of multiple interband transitions and (b) the effect
of the angle of propagation or the orientation of the op-
tical axis. From the subplot (a), it is found that when
no interband transition is considered (the solid line), the
behavior of the dispersion curve remains the same as in
Refs. [10, 11], i.e., the wave frequency approaches a con-
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FIG. 2. The real parts of the wave numbers (a) kp, (b) ko, (c) ke and (d) q are plotted against the propagation angle φ to show
the effects of multiple interband transitions for a particular value of the wave frequency ω = 0.36 at which 0 = (0.89)
2+i(0.02)2
and e = (0.36)
2 + i(0.03)2 relevant for TiO2 uniaxial crystals [23]. Also, ∞ = 1.2 and other parameter values relevant for gold
metals are given in Table I. The dash-dotted lines in subplots (b) and (c) are scaled as 2ko and 2ke respectively.
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e /4
stant value after it starts increasing within a short-range
of values of q. However, when multiple interband tran-
sitions are considered together with the intraband tran-
sition, the DL model gives a significant modification of
the dispersion curves, especially for (m > 3). In contrast
to the Drude model and previous investigations [10, 11],
the DSPs clearly display dispersion as well as resonant
behaviors within a short-range of values of q (see the dot-
ted and dash-dotted lines). Physically, these occur due
to the contribution from interband transitions of bound
electrons in the metal gold to the permittivity function
p with different oscillation frequencies ωj of the reso-
nant modes. From the subplot (a), it is also clear that
the Drude model is no longer applicable when the effects
of more than three interband transitions come into the
picture in the short-wavelength spectra: λ . 500 nm.
Furthermore, the wave frequency decreases with the ef-
fects of multiple interband transitions (m > 2) in the DL
model except in the regime of small q, i.e., q . 1.
The direction of propagation φ with the optical axis
5also plays an important role in the characteristics of DSPs
as depicted in Fig. 4 (b). It is seen that the wave fre-
quency in both the cases (with the Drude and the DL
models) is significantly reduced with a reduction of the
angle of propagation (see the solid and dashed lines for
the Drude model, and dotted and dash-dotted lines for
the DL model). So, by reducing or increasing the an-
gle of propagation from an initial value one can have a
wide range of wavelength spectra for DSPs including the
regime with λ . 500 nm. In this way, the wave frequency
of DSPs can be tuned with changing the orientation of
the optical axis.
TABLE I. The parameter values relevant for the gold metal
(Au) as in Ref. [2] for the Drude-Lorentz model with γd =
0.053 ev [0.0805× 1015 s−1] and ωp = 9.1 ev [13.8× 1015 s−1]
for which n = 6× 1028 m−3.
fj γj γj ωj ωj
(ev) (1015 s−1) (ev) (1015 s−1)
0.024 0.241 0.3661 0.415 0.6304
0.010 0.345 0.5241 0.830 1.2609
0.071 0.870 1.3216 2.969 4.5102
0.601 2.494 3.7886 4.304 6.5382
4.384 2.214 3.3633 13.32 20.2344
We have mentioned that the DSPs are hybridized due
to polarization of both the TE and TM modes. In order
to distinguish the polarization characteristics, we define
two factors PE/M and Po/e, respectively, as the amplitude
ratios between the TE and TM modes in the isotropic
metal and between the ordinary and extraordinary modes
in the uniaxial crystal as [11]
PE/M =
q2 − keko − o
io(ke + kp) tanφ+ ike(o − q2 − kokp) cotφ,
(6)
Po/e =
i(kp + ke) tanφ
o − q2 − kokp . (7)
The absolute values of PE/M and Po/e are plotted against
φ as shown in Fig. 5. It is found that for these ratios,
the Drude model and the DL model with three inter-
band transitions (m = 3) predict almost the same re-
sults, however, it is significantly modified with m > 3
[see the dashed lines in subplots (a) and (b)]. The val-
ues of both the ratios |PE/M | and |Po/e| increase with
the effects of higher-order interband transitions of elec-
trons. However, the ratio |PE/M | reaches its maxium at
an intermediate value of φ and then decreases to have a
cut-off at φ = pi/2. Such cut-offs may be different for dif-
ferent values of either p or both o and e. Although, the
DSPs have been known to be TM-dominant [11], such an
increase of |PE/M | in the present analysis indicates that
the contribution of the TE-polarization may no longer
be negligible, especially at higher-order interband tran-
sitions of electrons. On the other hand, the effect of the
interband transitions on the ratio |Po/e| in the uniaxial
crystal is also found to be significant and that its values
become higher and higher with increasing values of φ.
IV. CONCLUSION
We have studied the dispersion properties of Dyakonov
surface plasmons (DSPs) propagating along the inter-
face of an isotropic metallic plasma [gold (Au)] and an
anisotropic uniaxial crystal [Rutile (TiO2)] using the
Drude-Lorentz (DL) model for the dielectric permittivity
p of metals. The DL model is considered to take into ac-
count the effects of both the intraband transition of free
electrons and interband transitions of bound electrons in
metals. The higher-order interband transitions of bound
electrons are very common especially in practical metals
and these occur due to the excitation by the high-energy
photons. In the short-wavelength spectra (λ . 500 nm),
since the interband transitions occur in the gold metal,
the DL model is more appropriate than the Drude model
for the description of p. It is found that the contribu-
tions of multiple interband transitions, as well as, the
orientation (φ) of the optical axis significantly modify
the wave vector components kp and q of the TE/TM
modes in the isotropic metal and ko and ke of the ordi-
nary and extraordinary modes in the anisotropic crystal.
The modifications are noticeable when the contribution
of three or more interband transitions come into the pic-
ture. The values of the wave numbers decrease or increase
depending on the values of φ and the order of interband
transitions m in the permittivity p. We have also shown
that the penetration depths of DSPs in the metal and
uniaxial crystal increase with increasing values of φ in
the whole interval 0 ≤ φ ≤ pi/2 and when the effects of
multiple interband transitions (m < 5) are considered.
However, the exception occurs at m = 5 in which case
the penetration depth decreases with increasing values of
φ. The enhancement of the penetration depth becomes
significantly higher at m = 3 and m = 5 compared to
those at m = 1 to 4 and with no interband transition.
So, an appropriate choice of the orientation of the optical
axis and the multiple interband transitions of electrons
may be required for the (i) better confinement of DSPs
to the interface having lower penetration depth and (ii)
transmission of optical signals with higher penetration
depth of DSPs.
A numerical solution of the dispersion equation also
reveals that in contrast to the Drude model or DL model
with upto three interband transitions, the real part of the
wave frequency of DSPs exhibits strong dispersion and
resonance with multiple peaks at higher-order (m > 3)
interband transitions. We have also calculated the ab-
solute amplitude ratios between the TE and TM modes
in the isotropic metal (|PE/M |), as well as between the
ordinary and extraordinary modes in the uniaxial crys-
tal (|Po/e|). It is shown that in contrast to the previous
investigation [11] with the Drude model in semiconduc-
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FIG. 5. The absolute values of the hybridization factors (a) PE/M and (b) Po/e are plotted against the propagation angle φ.
The effects of the interband transitions with m > 3 are seen to be significant.
tor plasmas where the contribution of the TE-mode was
reported to be negligible in the excitation of DSPs, the
contribution of the TE mode to DSPs may not be neg-
ligible when more than three interband transitions are
taken into account.
To conclude, the DSPs can be used as a sensor and
switching system due to their high sensivity to the rela-
tive values of the permittivities of the two media. Also,
since the wave frequency can be tuned with changing the
orientation of the optical axis, the DSPs may be a good
candidate for the transportation of directional EM sig-
nals. The theoretical results should be useful to design
new experiments for the excitation of surface EM waves
that can propagate along the interface of an isotropic
gold metal and an anisotropic uniaxial crystal (rutile) at
optical frequencies. Finally, it has been found in Ref.
[24] that any change of thermodynamic temperature can
have strong influence on the field enhancement and ab-
sorption characteristics of plasmonic devices. In the light
of this research, the present work could be advanced with
7a more general model by considering the temperature
dependency of the plasma frequency Ωp and the damp-
ing coefficient γd in the Drude model, i.e., the Drude-
Lorentz-Temperature (DLT) model for the material per-
mittivity p. However, this study is left for future work.
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